COCG法の積型解法について (微分方程式の数値解法と線形計算) by 曽我部, 知広 et al.
Title COCG法の積型解法について (微分方程式の数値解法と線形計算)
Author(s)曽我部, 知広; 藤野, 清次; 張, 紹良









School of Engineering, The University of Tokyo
(Seiji Fujino)
Computing and Communications Center, Kyushu University
(ShaO-Liang Zhang)
School of Engineering, The University of Tokyo
1





Bi-CG [2] , (CGS [7], Bi-CGSTAB [9], GPBi-CG
[10] $)$ , . $\text{ }$ GMRES [6]
. , (1) , 1 .
2 , .
, 1 - 1 , CG
COCG (Conjugate Orthogonal Conjugate Gradient method)
[8]. , Bi-CG [3]




. , $n$ $\mathrm{g}_{n}$ COCG $r_{n}$





, $R_{n}(\lambda)$ $P_{n}(\lambda)$ .
$R_{0}(\lambda)$ $=$ 1, $P_{0}(\lambda)=1$ , (3)
$R_{n}(\lambda)$ $=$ $R_{n-1}(\lambda)-\alpha_{n-1}\lambda P_{n-1}(\lambda)$ , (4)
$P_{n}(\lambda)$ $=$ $R_{n}(\lambda)+\beta_{n-1}P_{n-1}(\lambda)$ , $n=1,2,$ $\cdots$ . (5)
$p_{n}^{\mathrm{c}}=P_{n}(A)\mathrm{r}_{0}^{\mathrm{c}}$ , (2) (3) $\sim(5)$ COCG
$\mathrm{r}_{n}^{\mathrm{c}}$ , 2 .
$r_{n}^{\mathrm{c}}$ $=r*_{-1}-\alpha_{n-1}A\chi_{n-l}^{\mathrm{c}}$ , (6)





$K_{n}(\lambda;\overline{r}_{0}^{\mathrm{c}})=\mathrm{S}\mathrm{p}\mathrm{a}\mathrm{n}\{\overline{\mathrm{r}}_{0}^{\mathrm{c}},\overline{A}\overline{r}_{0}^{\mathrm{c}}, \cdots, (\mathrm{B})^{n-1}\overline{r}_{0}^{\mathrm{c}}\}$ . , (8) ,
$(\overline{A}^{n-1}\overline{\mathrm{r}}_{0}^{\mathrm{c}})^{\mathrm{H}}\mathrm{r}_{n}^{\mathrm{c}}=(A^{n-1\mathrm{c}}t_{0})^{\mathrm{T}}\mathrm{r}_{n}^{\mathrm{c}}=0$ . (9)




, $(\mathrm{B}n-1\overline{\tau}_{0},A\mathrm{c}p_{n}^{\mathrm{C}})=(A^{n-1}f_{0}^{\mathrm{C}})^{\mathrm{T}}Ap_{n}^{\mathrm{c}}=0$ . (7)
$(A^{n-1}r_{0}^{\mathrm{c}})^{\mathrm{T}}Ap_{n}^{\mathrm{c}}=(A^{n-1}\mathrm{r}_{0}^{\mathrm{c}})^{\mathrm{T}}Ar_{n}^{\mathrm{c}}+\beta_{n-1}(A^{n-1}r_{0}^{\mathrm{c}})^{\mathrm{T}}Ap_{n-1}^{\mathrm{c}}=0$
. , $\beta_{n-1}$ .
$\beta_{n-1}=-\frac{(A^{n-1}r_{0}^{\mathrm{c}})^{\mathrm{T}}A\mathrm{r}_{n}^{\mathrm{c}}}{(A^{n-1}r_{0}^{\mathrm{c}})^{\mathrm{T}}Ap_{n-1}^{\mathrm{c}}}=-\frac{(A^{n}r_{0}^{\mathrm{c}})^{\mathrm{T},_{n}^{\mathrm{C}}}}{(A^{n-1}r_{0}^{\mathrm{c}})^{\mathrm{T}}Ap_{n-1}^{\mathrm{c}}}$ . (12)
, (10) (12) .
$\beta_{n-1}=-\alpha_{n-1^{\frac{(A^{n}\mathrm{r}_{0}^{\mathrm{c}})^{\mathrm{T}_{f_{n}^{\mathrm{C}}}}}{(A^{n-1\mathrm{c}}\mathrm{r}_{0})^{\mathrm{T}}r_{n-1}^{\mathrm{c}}}}}$ . . (13)
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nc-l $=$ $\overline{R_{n}(A)r_{0}^{\mathrm{C}}}=((-1)^{n-1}\prod_{-=0}^{n-2}\overline{\alpha}_{i})\overline{A}^{n-1}\overline{r}_{0}^{\mathrm{C}}+\overline{z}_{1}$ ,
$\overline{p}_{n-1}^{\mathrm{c}}$ $=$ $\overline{R_{n}(A)r_{0}}=((-1)^{n-1}\prod_{i=0}^{n-2}\overline{\alpha}_{\mathrm{i}})\overline{A}^{n-1}\overline{r}_{0}^{\mathrm{C}}+\overline{z}_{2}$.
$\overline{z}_{1},\overline{z}_{2}\in K_{n}(\overline{A};\overline{r}_{0}^{\mathrm{c}})$ . , (8) (11) $\alpha_{n-1}$
(10) $\beta_{n-1}$ (11) .
(6) $\sim(7)$ (14) COCG .
$u_{0}^{\mathrm{c}}$ is an initial guess, $r_{0}^{\mathrm{c}}=b-Au_{0}^{\mathrm{C}},$ $\beta_{-1}=0$ ,








COCG , $\{\mathrm{r}_{0}^{\mathrm{c}}, \cdots,r_{n}^{\mathrm{c}}\}$ [2].
$\mathrm{c}-[perp] r_{j}^{\mathrm{C}}$ $(i\neq j)$ .
, COCG $N$ .
3COCG




COCG , ’ COCG
$r_{n}^{\mathrm{c}}$ $n$ $H_{n}$ .
$r_{n}=H_{n}(A)r_{n}^{\mathrm{c}}=b-Aae_{n}$ . (15)
, $H_{n}(\lambda)$ .
$H_{0}(\lambda)$ $=$ 1, $G_{0}(\lambda)=\zeta_{0}$ , (16)
$H_{n}(\lambda)$ $=$ $H_{n-1}(\lambda)-\lambda G_{n-1}(\lambda)$ , (17)
$G_{n}(\lambda)$ $=$ $\zeta_{n}H_{n}(\lambda)+\eta_{n}G_{n-1}(\lambda)$ , $n=1,2,$ $\ldots$ . (18)
, $\zeta_{n}=\alpha_{n},$ $\eta_{n}=\frac{\beta_{n-1}}{\alpha_{n-1}}\alpha_{n}$ $H_{n}$ $R_{n}$ .
3,2
(3) $\sim(5)$ (16)\sim (18) , HnR ’ $H_{n}R_{n+1},$ $\lambda G_{n-1}R_{n+1}$ ,
$H_{n}P_{n},$ $\lambda H_{n}P_{n+1},$ $\lambda G_{n}P_{n},$ $G_{n}R_{n+1}$ .
$H_{n+1}R_{n+1}$ $=$ HnR +l $-\eta_{n}\lambda G_{n-1}Rn+1-\zeta n\lambda HnRn+1$ (19)
$=$ HnR $-\alpha_{n}\lambda H{}_{nn}P-\lambda GnRn+1$ , (20)
31 $=$ $H_{n}R_{\hslash}-\alpha_{n}\lambda H_{n}P_{n}$, (21)
$\lambda G_{n}R_{n+2}$ $=H_{n}R_{n+1}-H_{n+1}R_{n+1}$
$-\alpha_{n+1}\lambda H_{n}P_{n+1}+\alpha_{n+1}\lambda H_{n+1}P_{n+1}$, (22)
$H_{n+1}P_{n+1}$ $=$ $H_{n+1}R_{n+1}+\beta_{n}H_{n}P_{n}-\beta_{n}\lambda G_{n}P_{n}$ , (23)
$\lambda H_{n}P_{n+1}$ $=\lambda H_{n}R_{n+1}+\beta_{n}\lambda H_{n}P_{n}$, (24)
$\lambda G_{n}P_{n}$ $=\zeta_{n}\lambda H_{n}P_{n}$





$t_{n}=H_{n}(A)r_{n+1}^{\mathrm{c}}$ , $y_{n}=AG_{n-1}(A)f_{\mathfrak{n}+1}^{\mathrm{C}}$ ,
$p_{n}=H_{n}(A)p_{n}^{\mathrm{c}}$ , $w_{n}=AH_{n}(A)p_{n+1}^{\mathrm{c}}$ ,
$u_{n}=AG_{n}(A)p_{n}^{\mathrm{c}}$ , $z_{n}=G_{n}(A)f_{n+1}^{\mathrm{C}}$





$t_{n}$ $=r_{n}-\alpha_{n}Ap_{n}$ , (29)
$y_{n+1}$ $=t_{n}-r_{n+1}-\alpha_{n+1}w_{n}+\alpha_{n+1}Ap_{n+1}$, (30)
$p_{n+1}$ $=r_{n+1}+\beta_{n}(p_{n}-u_{n})$ , (31)
$w_{n}$ $=At_{n}+\beta_{n}Ap_{n}$ , (32)
$u_{n}$ $=\zeta_{n}Ap_{n}+\eta_{n}(t_{n-1}-r_{n}+\beta_{n-1}u_{n-1})$, (33)
$z_{n}$ $=\zeta_{n}\tau_{n}+\eta_{n}z_{n-1}-\alpha_{n}u_{n}$ . (34)
$x_{n+1}$ , $\mathrm{r}_{n+1}=b-A\varpi_{n+1}$ (28)
$a_{n+1}=oe_{n}+\alpha_{n}p_{n}+z_{n}$ (35)
.
3.3 $\alpha_{n}$ $\sqrt n$
COCG $\alpha_{n}$ $\beta_{n}$ , COCG $\alpha_{n}$ $\beta_{n}$
, . $H_{n}$ $(-1)^{n}\Pi_{-=0}^{n-1}$
(8) .
$( \mathrm{r}_{0}^{\mathrm{c}})^{\mathrm{T}}r_{n}=((-1)^{n}\prod_{i=0}^{n-1}$ ) $((\overline{A})^{\mathrm{n}}\overline{r}_{0}^{\mathrm{c}},\mathrm{r}_{n}^{\mathrm{c}})$ ,
$( \mathrm{r}_{0}^{\mathrm{c}})^{\mathrm{T}}Ap_{n}=((-1)^{n}\prod_{i=0}^{n-1}$ ) $((\overline{A})^{n_{\overline{\mathrm{f}}_{0}^{\mathrm{C}}}},Ap_{n}^{\mathrm{c}^{\backslash }})$ .
, $r_{0}=r_{0}^{\mathrm{c}}$ (10) (13) .
$\alpha_{n}=\frac{\mathrm{r}_{0}^{\mathrm{T}}r_{n}}{r_{0}^{\mathrm{T}}Ap_{n}}$ , $\beta_{n}=\frac{\alpha_{n}}{\zeta_{n}}\cdot\frac{r_{0}^{\mathrm{T}}r_{n+1}}{r_{0}^{\mathrm{T}}\mathrm{r}_{n}}$ . (36)
3,4 COCG
(27)\sim (34) (35), $\alpha_{n}$ $\beta_{n}$ (36)
COCG .
$x_{0}$ is an initial guess, $\mathrm{r}_{0}=b-Aae0$ ,
$r_{0}^{1}=\mathrm{r}_{0},$ $t_{-1}=w_{-1}=0,$ $\beta_{-1}=0$ ,

















$\eta_{n}$ . $H_{n}=R_{n}$ ,
$\zeta_{n},$
$\eta_{n}$ COCGS , $\zeta_{n}=$ $\mathrm{g}\dot{\mathrm{m}}\mathrm{n}_{\omega}$ ||r +1||, $\eta_{n}=0$
COCGSTAB , $\zeta_{n},\eta_{n}=\arg\min_{\zeta,\eta}$ $n+1||$
GPCOCG . ,
Bi-CG ,
. Table 1 $\zeta_{n},$ $\eta_{n}$ .
Table 1. The choice for the product-type methods based on the COCG method.
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COCG (COCGS , COCCGSTAB , GPCOCG ) , 1
- 2 COCG 1 . ,
. COCG 1
Table 2 .









COCG 2 3 1 1
COCGS 2 6 2 2
COCGSTAB 4 6 2 2
GPCOCG 7 12 2 2
AXPY , $(\mathrm{a}x+y)$ .
4
, NEP Collection [1] ,
$\mathrm{D}\mathrm{W}\mathrm{G}961\mathrm{B}$ QC2534 . , COCG
(COCGS , COCGSTAB , GPCOCG ) Bi-CG (CGS , Bi-
CGSTAB , GPBi-CG ) . , ALPHA $750\mathrm{M}\mathrm{H}\mathrm{z}$
, . $aeo=[0,0, \cdots, 0]^{\mathrm{T}}$ , $b$ ,
$||r_{n}||/||b||\leq 10^{-12}$ 8000 . \dagger ,
. , ILU(0)
. $\mathrm{D}\mathrm{W}\mathrm{G}961\mathrm{B}$ , ILU(0)
, QC2534 ,
.
Fig. $1\sim \mathrm{F}\mathrm{i}\mathrm{g}$ . $4$ . ,
, . Fig. 1 , COCG COCGS ,
COCGSTAB GPCOCG , . COCGS
COCG COCG . , COCGS
, COCG . Bi-CG
Fig. 2 . Fig. 2 Bi-CG , COCG
.
Fig. 3 , COCG COCG .
COCGSTAB GPCOCG , COCG 4 ,
, COCG . Bi-CG
































Fig. 4. QC2534: Convergence history of Bi-CG and the product-type methods.
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.Table 3. Convergence results for the iterative methods. The diagonal preconditioner and
the ILU(0) preconditioner are applied to $\mathrm{D}\mathrm{W}\mathrm{G}961\mathrm{B}$ and QC2534 respectively.
Method
$\mathrm{D}\mathrm{W}\mathrm{G}961\mathrm{B}$ QC2534
Its Time TRR Its Time $\mathrm{T}\mathrm{R}\mathrm{R}$
COCG 4788 1.29 -11.09 670 12.14 -9.99
COCGS 3827 1.97 -9.34 625 22.72 -9.65
COCGSTAB \dagger \dagger \dagger 399 14.85 -11.58
GPCOCG \dagger \dagger \dagger 398 15.54 -11.42
Bi-CG 4759 2.41 -11.06 689 25.12 -9.94
CGS 4003 2.08 -9.96 672 24.61 -8.77
Bi-CGSTAB \dagger \dagger \dagger 407 15.34 -11.71
GPBi-CG \dagger \dagger \dagger 515 20.09 -11.21
(Its), (Time [ ]), (TRR) Table 3
. Table 3 , $\mathrm{D}\mathrm{W}\mathrm{G}961\mathrm{B}$ , QC2534
ILU(0) . COCG
Table 3 . , 1
. QC2534 , COCG
COCGSTAB 2
. , COCG
. , COCG COCGS
COCGSTAB GPCOCG . ,




$|$) . Bi-CG ,
,
COCG .
COCGSTAB , , COCG 4 ,
. (1) , Bi-CG
, COCG , COCG
. , COCG $\zeta_{n}$ $\eta_{n}$
, , A .
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